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We study the Bethe-Salpeter equations for spin zero di-
quark composites in the color superconducting phase of Nf =
2 cold dense QCD. The explicit form of the spectrum of the
diquarks, containing an innite tower of narrow (at high den-
sity) resonances, is derived. It is argued that there are ve
pseudo-Nambu-Goldstone bosons (pseudoscalars) that remain
almost massless at large chemical potential. These ve pseu-
doscalars, along with the massless quarks of the third color
should play an important role in the infrared dynamics of
Nf = 2 dense QCD.
11.15.Ex, 12.38.Aw, 12.38.-t, 26.60.+c
Only a few years ago, not much was known about the
properties of dierent phases in dense quark matter (see,
however, Refs. [1,2]). The situation drastically changed
after the ground breaking estimates of the color super-
conducting order parameter were obtained in Refs. [3,4].
Within the framework of a phenomenological model, it
was shown that the order parameter could be as large
as 100 MeV. Afterwards, the same estimates were also
obtained within the microscopic theory, quantum chro-
modynamics [5{12]. The further progress in the eld was
mostly motivated by the hope that the color supercon-
ducting phase could be produced either in heavy ion ex-
periment, or in the interior of neutron (or rather quark)
stars.
Despite many advances [13{16] in study of the color su-
perconducting phase of dense quark matter, the detailed
spectrum of the diquark bound states (mesons) is still
poorly known. In fact, most of the studies deal with the
Nambu-Goldstone (NG) bosons of the three flavor QCD.
At best, the indirect methods of Refs. [13{16] could probe
the properties of the pseudo-NG bosons. It was argued
in Ref. [17], however, that, because of long-range interac-
tions mediated by the gluons of the magnetic type [5,6],
the presence of an innite tower of massive diquark states
could be the key signature of the color superconducting
phase of dense quark matter.
In this Letter, we consider the problem of spin zero
bound states in the two flavor color superconductor us-
ing the Bethe-Salpeter (BS) equations. We nd that the
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spectrum contains an innite tower of bound states in the
doublet, antidoublet and singlet representations of the
unbroken SU(2)c subgroup. Furthermore, the estimates
of masses of the doublets and antidoublets are given by
M2n ’ jj2

1− exp

−3
3=2np
2

; n = 0; 1; : : : ; (1)
while, in the case of singlets, the estimates are
M20 = 0; (2a)
M2n = 4jj2

1− 
2
(2n− 1)4

; n = 1; 2; : : : ; (2b)
where  is a constant of order 1, jj is the dynamical
Majorana mass of quarks in the color superconducting
phase, and  is the value of the running coupling constant
related to the scale of the chemical potential .
At large chemical potential, we also notice an approx-
imate degeneracy between scalar and pseudoscalar chan-
nels. As a result of this parity doubling, all massive di-
quark states come in pairs. In addition, there also ex-
ist ve massless scalars and ve (nearly) massless pseu-
doscalars [a doublet, an antidoublet and a singlet under
SU(2)c]. While the scalars are removed from the spec-
trum of physical particles by the Higgs mechanism, the
pseudoscalars remain in the spectrum, and they are the
relevant degrees of freedom of the infrared dynamics. At
last, at high density, all the massive and (nearly) massless
resonances are narrow.
In the case of two flavor dense QCD, the original gauge
symmetry SU(3)c breaks down to the SU(2)c by Higgs
mechanism. The flavor SU(2)LSU(2)R group remains
intact at the vacuum. The appropriate order parameter
is an antitriplet in color and a singlet in flavor. Without
loss of generality, we assume that the order parameter
points in the third direction of the color space. In order
to have a convenient description of the bound states at
the true vacuum, we introduce the following Majorana
spinors,
Ψia =  
i
a + "3ab"
ij( C)bj ; a = 1; 2; (3)
ia = 
i
a − "3ab"ij(C)bj ; a = 1; 2; (4)
made of the Weyl spinors of the rst two colors,
 ia = P+(ΨD)ia; ( C)bj = P−(ΨCD)bj ; (5)
ia = P−(ΨD)ia; (C)bj = P+(ΨCD)bj : (6)
1
Here P = (1γ5)=2 are the left- and right-handed pro-
jectors, ΨD is the Dirac spinor, and ΨCD = C Ψ
T
D is its
charge conjugate. Notice that the Majorana spinors in
Eqs. (3) and (4) satisfy the following generalized Majo-
rana condition:
(
ΨC
a
i
= "3ab"ijΨ
j
b; (7)(
C
a
i
= −"3ab"ijjb: (8)
Regarding the quark of the third color, we use the Weyl
spinors,  i and i, for left and right components, respec-
tively (notice that the color index is omitted).
The BS wave functions of the bound diquark states in
the channels of interest are given by
(
~b)
a (p; P ) = h0jTΨia(p+ P=2)  i(p− P=2)jP ; ~biL; (9)
 b(~a)(p; P ) = h0jT i(p+ P=2)Ψbi(p− P=2)jP ; ~aiL; (10)
(p; P ) = h0jTΨia(p+ P=2)Ψai (p− P=2)jP iL; (11)
(p; P ) = h0jT i(p+ P=2)  i(p− P=2)jP iL; (12)
plus the BS wave functions constructed out of the right
handed elds ia and i. One might notice that there
is another diquark channel, a triplet under SU(2)c, that
we do not consider here. The reason is that the repulsion
dominates in such a channel, and no bound states are
expected (the triplet comes from the SU(3)c sextet of the
symmetric phase). It might look that the same applies to
-singlet channel. We keep it in the analysis, however,
because the equations for the BS wave functions of two
singlets,  and , may not decouple.
In order to derive the BS equations, we use the method
developed in Ref. [18] for the case of zero chemical poten-
tial. To this end, we need to know the quark propagators
and the quark-gluons interactions.
By introducing the multicomponent spinor that com-
bines the Majorana spinors of the rst two colors and the
Weyl spinors of the third color,

Ψjb;  
j;  Cj
T
, we nd
that the inverse propagator takes the following block-
diagonal form:
G−1p = diag

S−1p 
b
a 
i
j ; s
−1
p 
i
j ; s
−1
p 
j
i

; (13)
where, upon neglecting the wave functions renormaliza-
tion of quarks [5{12],
S−1p = −i

6p+ γ0γ5 + pP− + ~pP+

; (14)
s−1p = −i
(6p+ γ0P+; (15)
s−1p = −i
(6p− γ0P−: (16)
Here the notation, p = +p 
+
p + 
−
p 
−
p , ~p = γ
0ypγ
0,
and p = (1 ~  ~p=jpj)=2 are the same as in Ref. [7].
The bare vertex, γA, is also a 3 3 matrix,
γ
0
@
(
TAba − 2A8 T 8ba P−

ij T
A3
a P+ij −"^ijacTAc3 P−
TAb3 P+ij TA33 P+ij 0
−TA3c "^cbijP− 0 −TA33 P− ji
1
A :
By making use of this vertex and the propagator in
Eq. (13), it is straightforward to derive the BS equations
in the (hard dense loop improved) ladder approximation.
The details of the derivation, as well as the explicit form
of equations will be given elsewhere [19]. Here we just
note that the most transparent form of the equations ap-
pears for the amputated BS wave functions, dened by
(p; P ) = S−1(p+ P=2)(p; P )s−1(p− P=2); (17)
(p; P ) = s−1(p+ P=2)(p; P )S−1(p− P=2); (18)
(p; P ) = S−1(p+ P=2)(p; P )S−1(p− P=2); (19)
(p; P ) = s−1(p+ P=2)(p; P )s−1(p− P=2): (20)
In order to get a feeling for the problem at hand, let us
briefly discuss the analysis of the BS equation for the -
doublet. In general, the BS wave function contains eight
dierent Dirac structures [20]. It is of great advantage
to notice that only four of them survive in the center of
mass frame, P = (Mb;~0),
(
~b)
a (p; 0) = 
~b
a

−1 
+
p + (p0 − −p +Mb=2)−2 γ0+p
+ +1 
−
p + (p0 + 
+
p +Mb=2)
+
2 γ
0−p
P+: (21)
This is the most general structure that is allowed by the
space-time symmetries of the model.
Now, in the particular case of the NG bosons, Mb = 0,
we will show that the BS wave function is xed by the
Ward identities. Indeed, let us consider the following
non-amputated vertex:
ΓA;iaj;(x; y) = h0jT jA (0)Ψia(x)  j(y)j0i; (22)
where, for our purposes, it is sucient to consider A =
4; : : : ; 8 (that correspond to the ve broken generators).
The vertex satises the following Ward identity [19]:
PΓA;iaj;(k + P; k) = iT
A3
a 
i
j [sk − Sk+P ]P−: (23)
As in the case of the BS wave functions, it is more conve-
nient to deal with the corresponding amputated quantity,
ΓA;iaj;(k + P; k) = S
−1
k+P Γ
A;i
aj;(k + P; k)s
−1
k : (24)
This latter satises the following identity:
PΓA;iaj;(k + P; k) = iT
A3
a 
i
j

S−1k+P − s−1k
P+: (25)
By making use of the explicit form of the quark propaga-
tors in Eqs. (14) and (15), we could check that the right
hand side of Eq. (25) is non-zero in the limit P ! 0.
This is possible only if the vertex on the left hand side
develops a pole as P ! 0. After a simple calculation, we
obtain
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ΓA;iaj;(k + P; k)

P!0
’
~P
P ~P 
TA3a 
i
j
~kP+; (26)
where, we introduced ~P = (P0; c2 ~P ) with c being the
velocity of the NG boson in the -doublet channel.
By making use of the denition in Eqs. (9) and (17),
it is also not dicult to show that the pole contribution
to the vertex function (26) is directly related to the BS
wave function. By omitting the details,
(~a)a (p; 0)  (~a)a (p; 0) = (~a)a
~p
F ()
P+; (27)
where F () is the decay constant of the corresponding
doublet whose formal denition is given by
h0j
7X
A=4
TA3a j
A
 (x)jP;~biL = i~ba ~PF (): (28)
By comparing the Dirac structures in Eqs. (21) and
(27), we see that no components of the 2 type ap-
pear in Eq. (27) which follows from the Ward identities.
The analysis of the BS equations, on the other hand,
shows that, while being small, the component functions
2 cannot be exactly zero. The origin of this discrep-
ancy is clear. Indeed, in our approximation, we com-
pletely neglected the wave function renormalization ef-
fects of quarks. Upon taking them into account, the
Ward identity (25) would lead to a modied structure
of the BS wave function, and all allowed Dirac structures
of Eq. (21) would be non-zero.
In the leading order, the corrections due to the wave
function renormalization, as well as the non-zero com-
ponent functions 2 are small. So, we neglect both of
them here. After enforcing 2 = 0, we check that the
expression in Eq. (27) is indeed the solution to the BS
equation if ~p is the solution to the gap equation [5{12].
This proves that the approximation used here is consis-
tent with the Ward identities.
In passing, we would like to indicate one important
point regarding the -singlet. The Ward identity in the
appropriate channel is given in terms of a single propaga-
tor, Sk. As a result, the corresponding BS wave function
does not depend on the wave function renormalization at
all. It was very rewarding, therefore, to establish that
the structure of the BS wave function, required by the
Ward identity, is the exact solution to the BS equation
for the -singlet.
In connection with the Ward identities, it is appro-
priate to mention here the complementary analysis of
Ref. [21]. The authors of this paper consider the contri-
bution to the Ward identity that is directly related to the
wave function renormalization of quarks.
Now let us discuss the fate of the massless states that
we obtain. Altogether, there are ve scalars and ve
pseudoscalars (a doublet, an antidoublet and a singlet).
Because of the Higgs mechanism, the scalars are removed
from the spectrum. Nevertheless, these scalar bound
states exist in the theory as \ghosts" [22], and one can-
not get rid of them completely, unless a unitary gauge
is found. Actually, these ghosts play a very important
role in getting rid of unphysical poles from the on-shell
scattering amplitudes [22].
As for the pseudoscalars, they remain in the spec-
trum as pseudo-NG bosons. In the (hard dense loop im-
proved) ladder approximation, they look like NG bosons
because the left and right sectors of quarks decouple.
One could think of this as an eective enlargement of
the original color symmetry from SU(3)c to an approxi-
mate SU(3)c;LSU(3)c;R. Then, since the approximate
symmetry of the ground state is SU(2)c;LSU(2)c;R, ve
scalar NG bosons (which are removed by the Higgs mech-
anism) and ve pseudoscalar NG bosons (which remain
in the spectrum) should appear. Of course, in the full
theory, the pseudoscalars are only pseudo-NG bosons.
Indeed, they should get non-zero masses due to higher
orders corrections that are beyond the improved ladder
approximation. At the same time, since the theory is
weakly coupled at large chemical potential, it is natural
to expect that the masses of the pseudo-NG bosons are
small even compared to the value of the dynamical quark
mass.
To complete our discussion of the massless diquark
states, let us calculate their decay constants. Here
we outline only the calculation for the -doublet (see
Ref. [19] for others). From the denition of the conserved
current and Eq. (28), one could derive the following exact
relation:
~PF () = −
Z
d4q
(2)4
tr

γP+Sq+P=2(q; P )sp−P=2

:
(29)
Unfortunately, it is very hard to obtain the solution for
(q; P ) when P 6= 0. In order to get an estimate, we use
(q; 0) instead, see Eq. (27). A simple calculation gives
F () =

2
; and c =
1p
3
: (30)
Notice that, as in the case of NG bosons in three flavor
QCD [13{16], the velocity of the scalar and pseudoscalar
NG bosons is equal to 1=
p
3, while the decay constants
themselves are of order .
We conclude our discussion of the massless diquarks
by emphasizing that the low-energy dynamics of the two
flavor QCD is dominated by massless quarks of the third
color and by the ve pseudoscalars that remain almost
massless in the dense quark matter. Of course, the three
gluons of the unbroken SU(2)c may also be of some rel-
evance but we do not study this question here.
Now, let us consider massive diquarks. The structure
of the BS equations becomes even more complicated in
3
this case. In addition, one does not have a rigorous ar-
gument to neglect the component functions like 2 in
Eq. (21). In spite of this, we argue that all the approxi-
mations made before might still be reliable. Indeed, from
the experience of solving the gap equation (which coin-
cides with the BS equation for the massless states), we
know that the most important region of momenta in the
integral equation is jj  p  . In this region, the
kernel of the BS equations for massive states, Mb < jj,
is almost the same. The deviations appear only in the
infrared region where p < jj.
Therefore, in our analysis of the BS equations for mas-
sive states, we closely follow the approximation used for
the massless diquarks. By dropping all the component
functions like 2 in the anzatz (21), and assuming that
other functions depend only on the time component of
momentum (compare with the analysis of the gap equa-
tion in Refs. [5{12]), we arrive at the following equation:
−1 (p) =
2
9
Z 
0
dqK()(q)−1 (q) ln

jq − pj ; (31)
where  = (4)3=2=5=2, and the kernel reads
K()(q) =
M2b

q2 +
p
q + jj2
2
− jj4
p
q2 + jj2
h
4M2b q2 − (jj2 −M2b )2
i : (32)
This kernel is a smooth function that could be approxi-
mated by
K()(q) ’
8<
:
jj
jj2−M2
b
; as q  jj2−M2bjj ;
1
q ; as q  jj
2−M2b
jj :
(33)
In order to obtain the solution to the BS equation (31),
we use the same method as in the case of the gap equation
[6{12]. The result for the spectrum is given in Eq. (1).
Note that the Meissner eect was neglected in this anal-
ysis [23].
The analysis for the massive singlet is similar. The
dierence appears in the kernel which is given by
K()(q) =
p
q2 + jj2
q2 + jj2 − (M=2)2
: (34)
In this case, the best approximation is achieved by
considering three regions, 0 < q <
q
jj2 − (M=2)2,q
jj2 − (M=2)2 < q < jj and jj < q < , and then
matching the corresponding solutions. By omitting the
details, the spectrum is presented in Eq. (2).
We note that the bound diquark states may truly be
just resonances in the full theory, since they could de-
cay into gluons of the unbroken SU(2)c. At high density,
however, both the running coupling () and the eec-
tive Yukawa coupling gY = jj=F  jj= are small,
and, therefore, these massive resonances are narrow.
In conclusion, in this Letter we studied the problem of
diquark bound states in the color superconducting phase
of Nf = 2 dense QCD. While the scalar NG bosons
are ghosts in the theory, the pseudoscalar pseudo-NG
bosons are physical particles that should play an impor-
tant role in the infrared. We also obtained the spectrum
of the massive narrow diquark resonances, whose exis-
tence would be a clear signature of the unscreened long
range forces in dense QCD.
Acknowledgments. V.A.M. thanks V.P. Gusynin for
useful discussions. The work of V.A.M. was partly sup-
ported by the Grant-in-Aid of Japan Society for the Pro-
motion of Science No. 11695030. The work of I.A.S.
and L.C.R.W. was supported by the U.S. Department of
Energy Grant No. DE-FG02-84ER40153.
[1] B.C. Barrois, Nucl. Phys. B129, 390 (1977);
S.C. Frautschi, in \Hadronic matter at extreme energy
density", edited by N. Cabibbo and L. Sertorio (Plenum
Press, 1980).
[2] D. Bailin and A. Love, Nucl. Phys. B190, 175 (1981);
ibid. B205, 119 (1982); Phys. Rep. 107, 325 (1984).
[3] M. Alford, K. Rajagopal and F. Wilczek, Phys. Lett.
B422, 247 (1998).
[4] R. Rapp, T. Schaefer, E.V. Shuryak and M. Velkovsky,
Phys. Rev. Lett. 81, 53 (1998).
[5] R.D. Pisarski and D.H. Rischke, Phys. Rev. Lett. 83, 37
(1999).
[6] D.T. Son, Phys. Rev. D 59, 094019 (1999).
[7] D.K. Hong, V.A. Miransky, I.A. Shovkovy and
L.C.R. Wijewardhana, Phys. Rev. D 61 (2000) 056001.
[8] T. Schafer and F. Wilczek, Phys. Rev. D 60 (1999)
114033.
[9] R.D. Pisarski and D.H. Rischke, Phys. Rev. D 61 (2000)
051501.
[10] S.D.H. Hsu and M. Schwetz, hep-ph/9908310.
[11] W.E. Brown, J.T. Liu and H.-C. Ren, hep-ph/9908248;
hep-ph/9912409.
[12] I.A. Shovkovy and L.C.R. Wijewardhana, Phys. Lett. B
470 (1999) 189; T. Schafer, hep-ph/9909574.
[13] D.T. Son and M.A. Stephanov, Phys. Rev. D 61 (2000)
074012.
[14] R. Casalbuoni and R. Gatto, Phys. Lett. B 464 (1999)
111; hep-ph/9911223.
[15] M. Rho, A. Wirzba and I. Zahed, Phys. Lett. B 473
(2000) 126; M. Rho, E. Shuryak, A. Wirzba and I. Zahed,
hep-ph/0001104.
[16] D.K. Hong, T. Lee and D.-P. Min, hep-ph/9912531; K.
Zarembo, hep-ph/0002123; S.R. Beane, P.F. Bedaque
and M.J. Savage, hep-ph/0002209.
[17] V.A. Miransky, I.A. Shovkovy and L.C.R. Wijeward-
hana, Phys. Lett. B 468 (1999) 270.
[18] P.I. Fomin, V.P. Gusynin, V.A. Miransky and Yu.A.
Sitenko, Riv. Nuovo Cimento, 6 N5 (1983) 1.
4
[19] V.A. Miransky, I.A. Shovkovy and L.C.R. Wijeward-
hana, UCTP-105-00, in preparation.
[20] Note that in the case of zero chemical potential, see
Ref. [18], there are only four dierent Dirac structures.
[21] W.E. Brown, J.T. Liu and H.-C. Ren, hep-ph/0003199.
[22] R. Jackiw and K. Johnson, Phys. Rev. D 8 (1973) 2386;
J.M. Cornwall and R.E. Norton, Phys. Rev. D 8 (1973)
3338.
[23] Taking the Meissner eect into account should decrease
the binding energy of the doublets. We stress that, while
in the case of singlets the binding interaction is par-
tially mediated by the unscreened gluons of the unbroken
SU(2)c, the binding of doublets is exclusively due to ve
massive gluons.
5
